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Abstract. A G-equivariant spin c structure on a manifold gives rise to a vir- 
tual representation of the group G, called the spin c quantization of the man- 
ifold. We present a cutting construction for S 1 -equivariant spin c manifolds, 
and show that the quantization of the original manifold is isomorphic to the 
direct sum of the quantizations of the cut spaces. Our proof uses Kostant- 
type formulas, which express the quantization in terms of local data around 
the fixed point set of the S -action. 



1. Introduction 

In this paper we discuss S^equivariant spin c structures on compact oriented 
Riemannian S^-manifolds, and the Dirac operator associated to those structures. 
The index of the Dirac operator is a virtual representation of S 1 , and is called the 
spin quantization of the spin c manifold. 

Also, we describe a cutting construction for spin c structures. Cutting was first 
developed by E. Lerman for symplectic manifolds (see [4]), and then extended to 
manifolds that posses other structures. In particular, our recipe is closely related 
to the one described in [5J. 

The goal of this paper is to point out a relation between spin c quantization and 
cutting. We claim that the quantization of our original manifold is isomorphic (as 
a virtual representation) to the direct sum of the quantizations of the cut spaces. 
We refer to this property as 'additivity under cutting'. 

In [5], Guillemin, Sternberg and Weitsman define signature quantization and 
show that it satisfies 'additivity under cutting'. In fact, this observation motivated 
the present paper. 

It is important to mention that in the this property does not hold for the most 
common 'almost-complex quantization'. In this case, we start with an almost com- 
plex compact manifold, and a Hermitian line bundle with Hermitian connection, 
and construct the Dolbeaut-Dirac operator associated to this data. Its index is 
a virtual vector space, and in the presence of an S^-action on the manifold and 
the line bundle, we get a virtual representation of S 1 , called the Dolbeau-Dirac 
quantization of the manifold (see [lj or [12]), This is a special case of our spin c 
quantization, since an almost complex structure and a complex line bundle deter- 
mine a spin c structure, which gives rise to the same Dirac operator (See Lemma 2.7 
and Remark 2.9 in [5J, and Appendix D in [3]). However, in the almost complex 
case, the cutting is done along the zero level set of the moment map determined 
by the line bundle and the connection. This results in additivity for all weights 
except zero. More precisely, if N±(fi) denotes the multiplicity of the weight \x in 
the almost complex quantization of the cut spaces, and N(fj,) is the weight of \i in 
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the quantization of the original manifold, we have (see p. 258 in |12j ) 
but 

AT(0) = N+(Q) = AT_(0) 

and therefore there is no additivity in general. 

On the other hand, if spin c cutting is done for a spin c manifold M (in particular, 
the spin c structure can come from an almost complex structure), then the additivity 
will hold for any weight. Roughly speaking, this happens because the spin c cutting 
is done at the level set 1/2 of the 'moment map', which is not a weight (i.e., an 
integer) for the group S . 

In order to make this paper as self-contained as possible, we review the necessary 
background on spin c equivariant structures, Clifford algebras and spin c quantization 
in Section [2j We describe in details the cutting process in Section [3l In Sections 
|4] and [5] we develop Kostant-type formulas forspin c quantizations in terms of local 
data around connected components of the fixed point set, and finally in Section 
[5] we prove the additivity result. In Section we give a detailed example that 
illustrates the additivity property of spin c quantization. In particular, we classify 
and cut all the S 1 -equivariant spin c structures on the two-sphere. In the last 
section, we comment about the relation of our work to the original symplectic 
cutting construction. 

Throughout this paper, all spaces will assumed to be smooth manifolds, and all 
maps and actions are assumed to be smooth. The principal action in a principal 
bundle will be always a right action. A real vector bundle E, equipped with a 
fiberwise inner product, will be called a Riemannian vector bundle. If the fibers are 
also oriented, then its bundle of oriented orthonormal frames will be denoted by 
SOF(E). For an oriented Riemannian manifold M, we will simply write SOF(M), 
instead of SOF{TM). 

Acknowledgements. I would like to thank my supervisor, Yael Karshon, for 
offering me this project, guiding and supporting me through the process of devel- 
oping and writing the material, and for having always good advice and a lot of 
patience. I also would like to thank Lisa Jeffrey and Eckhard Meinrenken for useful 
discussions and important comments. 

2. Spin c Quantization 

In this section we define the concept of spiff quantization as the index of the 
Dirac spin operator associated to a manifold endowed with a spin c structure. The 
quantization will be a virtual complex vector space, and in the presence of a Lie 
group action it will be a virtual representation of that group. 

2.1. Spin c structures. 

Definition 2.1. Let V be a finite dimensional vector space over K = R or C, 
equipped with a symmetric bilinear form B : V x V — > K. The Clifford algebra 
Cl(V,B) is the quotient T(V)/I{V,B) where T(V) is the tensor algebra of V and 
I(V, B) is the ideal generated by {v <g> v — B(v, v) ■ 1 : v G V}. 

Remark 2.1. If v\, . . . , v n is an orthogonal basis for V, then Cl(V, B) is the algebra 
generated by vi, . . . , v n subject to the relations vf = B(vi,vf) ■ 1 and ViVj = —vjVi 
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for i =/= j . 

Note that V is a vector subspace of Cl(V, B). 

Definition 2.2. If V = R fc and B is minus the standard inner product on V , then 
define the following objects: 

(1) C fe := Cl(V, B), and C c k := Cl(V, B) ® C. 

These are finite dimensional algebras over R and C, respectively. 

(2) The spin group 

Spin(k) = {v\V2 ■ ■ ■ vi : vi G R fc , \\v%\\ = 1 and < Z is even} C Ck 

(3) The spiff group 

Spin c (k) = (Spin(k) x U(l))/K 
where U(l) C C is the unit circle and K = {(1, 1), (—1, —1)}. 

Remark 2.2. 

(1) Equivalently, one can define 

Spin c (k) = 

= {c- vi ■ ■ -vi : 11,6 1*; \\vi\\ = 1, < Z is even, and c S U(l)} C CI 

(2) The group Spin(k) is connected for k > 2. 
Proposition 2.1. 

(1) There is a linear map Ck — > C'k , x i— > a; , characterized by (v± . . .«/)' = 
Uj . . . «i /or all V\, ... ,i>i G R fc . 

(2) For eac/i a; G Spin(k) and y G R fc , we /lave a;ya:' G R' 1 . 

(3) For eac/i a; G Spin(k), the map X(x) : R fe — > R fe , y i— > xyx', is in SO(k), 
and A : Spin(k) — > SO(k) is a double covering for k > 1. It is a universal 
covering map for k > 3. 

For the proof, see page 16 in pQ. 

Definition 2.3. Let M be a manifold and Q a principal 5 f O(/c)-bundlc on M. A 
spm c structure on Q is a principal S'pirt c (fc)-bundle F — ► M, together with a map 
A : F — > Q, such that the following diagram commutes. 

F x Spin c (k) > F 

l AxAC 1 A 
Q x SO(fc) ► Q 

Here, the maps corresponding to the horizontal arrows are the principal actions, 
and A c : Spin c (k) — > SO(k) is given by [x,z] <— * A(x), where A : Spin(k) — > SO(k) 
is the double covering. 

Remark 2.3. 

(1) A spin c structure on an oriented Riemannian vector bundle E is a spin c 
structure on the associated bundle of oriented orthonormal frames, SOF(E). 

(2) A spin c structure on an oriented Riemannian manifold is a spin c structure 
on its tangent bundle. 
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(3) Given a spin c structure on Q — > M, its determinant line bundle is L = 
P x Spin"{k) C, where the left action of Spin c (k) on C is given by [a;, z] ■ w = 
z 2 w. This is a hermitian line bundle over M. 

2.2. Equivariant spin c structures. 

Definition 2.4. Let G, H be Lie groups. A G-equivariant principal H-bundle is 
a principal 77-bundle ir : Q — > M together with left G-actions on Q and M, such 
that 

(1) 7r(s •q)=g- for all g E G , qeQ 

(i.e., G acts on the fiber bundle 7r : Q — > M). 

(2) (g ■ q) ■ h = g ■ (q- h) for all g E G , qeQ, he H 
(i.e., the actions of G and if commute). 

Remark 2.4. It is convenient to think of a G-equivariant principal ff-bundle in 
terms of the following commuting diagram (the horizontal arrows correspond to 
the G and H actions). 

GxQ > Q < QxH 

GxM > M 



Definition 2.5. Let ir : E — > M be a fiberwise oriented Ricmannian vector bundle, 
and let G be a Lie group. If a G-action on E — > M is given that preserves the 
orientations and the inner products of the fibers, we will call E a G-equivariant 
oriented Riemannian vector bundle. 

Remark 2.5. 

(1) If E is a G-equivariant oriented Riemannian vector bundle, then SOF(E) 
is a G-equivariant principal S'0(fc)-bundle, where k = rank(E). 

(2) If a Lie group G acts on an oriented Riemannian manifold M by orien- 
tation preserving isometries, then the frame bundle SOF(M) becomes a 
G-equivariant principal SO(m)-bund\e, where m =dim(M). 

Definition 2.6. Let n : Q — > M be a G-equivariant principal 50(A:)-bundle. A 
G-equivariant spin c structure on Q is a spin c structure A : P — > Q on Q, together 
with a a left action of G on P, such that 

(1) A(g -p) = g ■ A(p) for all p e P, g G G (i.e., G acts on the bundle P — ► Q). 

(2) g ■ (p ■ x) = (g ■ p) ■ x for all g e G, p G P, x <E Spin(k) 
(i.e., the actions of G and Spin c (k) on P commute). 

Remark 2.6. 

(1) We have the following commuting diagram (where the horizontal arrows 
correspond to the principal and the G-actions). 
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G x P ► P < P x Spin c (k) 

Wxa| a| AxA<= j 
GxQ ► g < Q x SO(Ar) 

G x M > M 

(2) The bundle P — ► M is a G-equivariant principal iSpm c (fc)-bundle. 

(3) The determinant line bundle L = Px spin c (k) ( & is a G-equivariant Hermitian 
line bundle. 

2.3. Clifford multiplication and spinor bundles. 

Proposition 2.2. The number of inequivalent irreducible (complex) representations 
of the algebra G£ = Ck ® C is 1 i/ fc is even and 2 if k is odd. 

For a proof, see Theorem 1.5.7 in [3]. 

Note that, for all k, R k C G fc C C c k . 

Definition 2.7. Let k be a positive integer. Define a Clifford multiplication map 

fx : R k ® A fe -> A fc by ^(x ® v) = Pk{x)v 

where pu ■ — > End(Ak) is an irreducible representation of G£ (a choice is to be 
made if k is odd). 

Definition 2.8. Let k be a positive integer and pk an irreducible representation 
of C£. The restriction of pk to the group Spin{k) C Gfe C G£ is called </ie complex 
spin representation of Spin{k). It will be also denoted by pk- 

Remark 2.7. For an odd integer k, the complex spin representation is independent 
of the choice of an irreducible representation of Gj; (see Proposition 1.5.15 in [3]). 

The following proposition summarizes a few facts about the complex spin repre- 
sentation. Proofs can be found in [T] and in [3]. 

Proposition 2.3. Let pk : Spin{k) — > End(Ak) be the complex spin representation. 
Then 

(1) dimcAk — 2 l , where I — k/2 if k is even, and I = (fc — l)/2 if k is odd. 

(2) pk is a faithful representation of Spin{k). 

(3) If k is odd, then pk is irreducible. 

(4) If k is even, then pk is reducible, and splits as a sum of two inequivalent 
irreducible representations of the same dimension, 

p\ : Spin(k) — > End(A^) and p k : Spin(k) — > End(A^) . 

Remark 2.8. The representation pk extends to a representation of the group Spin c (k), 
and will be also denoted by pk- Explicitly, 

p k : Spin c (k) — v End(Ak) , PfcCfo = z ■ Pk(x)v . 
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Definition 2.9. Let P be a spin c structure on an oriented Riemannian manifold 
M. Then the spinor bundle of the spin c structure is the complex vector bundle 
S = P x 5pm c (m ) A m , where m = dim(M). 

If P is a G-equivariant spin c structure, then S will be a G-equivariant complex 
vector bundle. 

Remark 2.9. It is possible to choose a Hermitian inner product on A& which is 
preserved by the action of the group Spin°(k). This induces a Hermitian inner 
product on the spinor bundle. In the G-equivariant case, G will act on the fibers 
of S by Hermitian transformations. 

From Proposition 12.31 we get 

Proposition 2.4. Let P be a (G-equivariant) spin c structure on an oriented Rie- 
mannian manifold M of even dimension, and let S be the corresponding spinor 
bundle. Then S splits as a sum S — S + © S~ of two (G-equivariant) complex 
vector bundles. 

Remark 2.10. If M is an oriented Riemannian manifold, equipped with a spin c 
structure, and a corresponding spinor bundle S, then a Clifford multiplication map 
\i : M. k Aft — * Afe induces a map on the associated bundles TM ® S — > S. This 
map is also called Clifford multiplication and will be denoted by \i as well. 

2.4. The spin c Dirac operator. 

The following is a reformulation of Proposition D.ll from [3]: 

Proposition 2.5. Let M be an oriented Riemannian manifold of dimension m > 1, 
P — * SOF(M) a spin structure on M, and P\ = P / Spin{m) (this quotient can be 
defined since Spin(m) embeds naturally in Spin c (m) ). Then 

(1) Pi is a principal U(l) -bundle over M, and P — > SOF(M) x Pi is a double 
cover. 

(2) The determinant line bundle of the spin structure is naturally isomorphic 
to L = Pi X[, (1) C. 

(3) If A : TPi — > iM. is an invariant connection, and Z : T(SOF(M)) — > $o(m) 
the Levi-Civita connection on M , then the SO(m) x U (1) -invariant connec- 
tion Z xA on SOF(M) xPi lifts to a unique Spin (m) -invariant connection 
on its double cover P. 

Remark 2.11. If G acts on M by orientation preserving isometries, P is a G- 
equivariant spin c structure on M, and the connection A on Pi is chosen to be 
G-invariant, then Z x A and its lift to P will be G- invariant. 

Definition 2.10. Assume the following data is given: 

(1) An oriented Riemannian manifold M of dimension m. 

(2) A spin c structure P — > SOF(M) on M, with the associated spinor bun- 
dle S. 

(3) A connection on Pi = P / Spin(m) which gives rise to a covariant derivative 
V : T{S) -> r(T*Af ® S) 

The Dirac spin operator (or simply, the Dirac operator) associated to this data is 
the composition 



D : T(S) V > r(T*M <g> S) - > T(TAf $ S*) A ' i r(5) , 
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where the isomorphism is induced by the Ricmannian metric (which identifies 
T*M ~ TM), and n is the Clifford multiplication. 

Remark 2.12. 

(1) Since there are two ways to define \x when k is odd, one has to make a 
choice for fi to get a well-defined Dirac operator. 

(2) If G acts on M by orientation preserving isometries, the spin c structure 
on M is G-equi variant, and the connection on Pi is G-invariant, then the 
Dirac operator D will commute with the G-action on T(S). 

(3) If dim(M) is even, then the Dirac operator decomposes into a sum of two 
operators D ± : T(S ± ) — ► r(S' =F ) (since \i interchanges S + and S~), which 
are also called Dirac operators. 

(4) If the manifold M is complete, then the Dirac operator is essentially self- 
adjoint on L 2 (S), the square integrable sections of S (See Theorem II. 5. 7 
in [3] or chapter 4 in p]). 

2.5. Spin c quantization. We now restrict to the case of an even dimensional 
oriented Riemannian manifold M which is also compact. Since the concept of spin c 
quantization will be defined as the index of the operator D + . it makes sense to 
define it only for even dimensional manifolds. The compactness is used to ensure 
that dim(ker(D + )) and dim(coker(D + )) are finite. 

Definition 2.11. Assume that the following data is given: 

(1) An oriented compact Riemannian manifold M of dimension 2m. 

(2) G a Lie group that acts on M by orientation preserving isometries. 

(3) P — > SOF(M) a G-equivariant spin c structure. 

(4) A £/(l)-invariant connection on Pi = P/Spin(2m). 

Then the spirf quantization of M, with respect to the above date, is the virtual 
complex G-representation Q(M) — ker(D + ) — coker(D + ). 

The index of D + is the integer index(D + ) — dim(ker(D + )) — dim(coker(D + )). 

Remark 2.13. In the absence of a G action, the spin c quantization is just a virtual 
complex vector space. 

3. Spin c cutting 

In [3] Lerman describes the symplectic cutting construction for symplectic man- 
ifolds equipped with a Hamiltonian G-action. In [6] this construction is generalized 
to manifolds with other structures, including spin c manifolds. However, the cutting 
of a spin c structure is incomplete in [6] , since it only produces a spin c principal bun- 
dle on the cut spaces P cu t — * M cutl without constructing a map P cu t —> SOF(M cut ). 

In this section, we describe the construction from section 6 in [3] and fill the 
necessary gaps. 

From now on we will work with G-equivariant spin c structures. This includes the 
non-equivariant case when G is taken to be the trivial group {e}. 

3.1. The product of two spin c structures. Note that the group SO(m) x SO(n) 
naturally embeds in SO(n+m) as block matrices, and therefore it acts on SO(n+m) 
from the left by left multiplication. 

The proof of the following claim is straightforward. 
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Claim 3.1. Let M and N be two oriented Riemannian manifolds of respective 
dimensions to and n. Then the map 

(SOF(M) x SOF(N)) x so(m)xSO{n) SO(n + to) -> SOF(M x N) 

[(f,g),K]»(f,g)oK 

is an isomorphism of principal SO(n + m)-bundles. 

Here, / : R m T a M and g : R" ^ T b N are frames, and K : R m +™ -» R m +™ is 
in SO(m + n). 

The above claim suggests a way to define the product of two spin c manifolds 
(see also Lemma 6.10 from [B]). There is a natural group homomorphism j : 
Spin(m) x Spin(n) — > Spin(m + n), which is induced from the embeddings 

R m M m x {0} C M m+ ™ and M™ {0} xl"c R m+ ™ . 

This gives rise to a homomorphism 

j c : Spin c (m) x Spin c (n) -> Spin c (m + n) , ([A, a], [N, b]) B), 06] , 

and therefore Spin c (m) x Spin c (n) acts from the left on Spin c (m + n) via j c . 

If a group G acts on two manifolds M and N, then it clearly acts on M x TV by 
g ■ (to, n) = (g ■ m, g ■ n), and the above claim generalizes to this case as well. 

Definition 3.1. Let G be a Lie group that acts on two oriented Riemannian 
manifolds M,N by orientation preserving isometries. Let Pm — > SOF(M) and 
Pn — * SOF(N) be G-equivariant spin c structures on M and N. Then 

P = (P M x Pat) x Spin a {m)xSpin a {n) Spin c (m + n) -> SOF(M x N) 

is a G-equivariant spin c structure on M x iV, called i/ie product of the two given 
spin c structures. 

Remark 3.1. In the above setting, if Im and Ln are the determinant line bundles 
of the spin c structures on M and N, respectively, then the determinant line bundle 
of P — > SOF(M x N) is Lm^Lm (exterior tensor product). See Lemma 6.10 from 
[6] for details. 

3.2. Restriction of a spin c structure. In general, it is not clear how to restrict 
a spin c structure from a Riemannian oriented manifold to a submanifold. However, 
for our purposes, it suffices to work with co-orientcd submanifolds of co-dimension 1. 

The proof of the following claim is straightforward. 

Claim 3.2. Assume that the following data is given: 

(1) M an oriented Riemannian manifold of dimension to. 

(2) G a Lie group that acts on M by orientation preserving isometries. 

(3) Z C M a G-invariant co-oriented submanifold of co- dimension 1. 

(4) P — > SOF(M) a G-equivariant spin structure on M . 
Define an injective map 

i : SOF(Z) -y SOF(M) , • • • , a m ) = /(oi, . . . , a m -i) + a m • v p 

where f : R m_1 — > T p Z is a frame in SOF(Z), and v 6 Y(TM\z) is the vector 
field of positive unit vectors, orthogonal to TZ. 

Then the pullback P' — i*(P) — > SOF(Z) is a G-equivariant spin c structure on Z, 
called the restriction of P to Z. 
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Remark 3.2. 

(1) This is the relevant commutative diagram for the claim: 



P' = i*(P) 



SOF(Z) 



-» P 



SOF(M) 



M 



(2) The principal action of Spin c (m — 1) on P' is obtained using the natural 
inclusion Spin c (m — 1) Spin c (m). 

(3) The determinant line bundle of P' is the restriction to Z of the determinant 
line bundle of P. 

3.3. Quotients of spin c structures. We now discuss the process of taking quo- 
tients of a spin c structure with respect to a group action. Since the basic cutting 
construction involves an ^-action, we will only deal with circle actions. 

Assume that the following data is given: 

(1) An oriented Riemannian manifold Z of dimension n. 

(2) A free action S 1 O Z by isometries. 

(3) P — > SOF(Z) an S' 1 -equivariant spin c structure on Z. 



Denote by ^ G Lie{S 1 ) an infinitesimal generator, by {-§q) z G x(^) the corre- 
sponding vector field, and by 7r : Z — > Z/S 1 the quotient map. Also let V — 
tt* (T (Z/S 1 )). This is an S' 1 -equivariant vector bundle over Z. 



V = n* (T(Z/5' 1 )) 



We have the following simple fact. 



T(Z/S 1 ) 



Z/S 1 



Lemma 3.1. The map 



() 



86 



V 



v e t p z i 



(p, 7T»W) £ Vp 



is an isomorphism of S 1 -equivariant vector bundles over Z. 

Remark 3.3. Using this lemma, we can endow V with a Riemannian metric and 
orientation, and hence V becomes an oriented Riemannian vector bundle (of rank 
n — 1). We will think of V as a sub-bundle of TZ. 

Also, if an orthonormal frame in V is chosen, then its image in T(Z / S 1 ) is de- 
clared to be orthonormal. This endows Z/S 1 with an orientation and a Riemannian 
metric, and hence it makes sense to speak of SOF(Z / S 1 ). 
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Now define a map 77: SOF(V) -► SOF(Z) in the following way. If / : R' 1 " 1 ^ 
V p is a frame, then r](f): K™ — > T p Z will be given by r/(f)ei — /(ej) for i = 
1,. ..,71— 1 and rj(f)e n is a unit vector in the direction of z p ■ 

The following lemmas are used to get a spin c structure on Z/S 1 . Their proofs 
are straightforward and left to the reader. 

Lemma 3.2. The pullback rj*(P) C SOF(V) x P is an S 1 -equivariant spirf struc- 
ture on SOF(V). 

(The S 1 -action on ij*(P) is induced from the S 1 -actions on SOF(V) and P, and 
the right action of Spin (n — 1) is induced by the natural inclusion Spin°(n — 1) C 
Spin c (n) ). 

n*(P) ► P 

i I 
SOF(V) " > SOF(Z) 

\ / 

z 

Lemma 3.3. Consider the S 1 -equivariant spin structure Tj*(P) — > SOF(V) — > Z. 
The quotient of each of the three components by the left S 1 action gives rise to a 
spin c structure on Z/S 1 , called the quotient of the given spin c structure. 

P:=rj*(P)/S 1 



SOFiZ/S 1 ) = SOF^/S 1 
Z/S 1 

Remark 3.4. If L is the determinant line bundle of the given spin c structure on Z, 
then the determinant line bundle of P is L/S 1 . 

3.4. Spin c cutting. We are now in the position of describing the process of cutting 
a given ^-equivariant spin c structure on a manifold. Assume that the following 
data is given: 

(1) An oriented Riemannian manifold M of dimension m. 

(2) An action of S 1 on M by isometries. 

(3) A co-oriented submanifold Z C M of co-dimension 1 that is ^-invariant. 
We also demand that S 1 acts freely on Z, and that M\Z is a disjoint union 
of two open pieces M+, M_, such that positive (resp. negative) normal 
vectors point into M+ (resp. Af_). Such submanifolds are called reducible 
splitting hypersurfaces (see definitions 3.1 and 3.2 in [3]). 

(4) P — > SOF(M) an S 1 -equivariant spin c structure on M. 

We will use the following fact. 

Claim 3.3. There is an invariant (smooth) function $ : M — * M, such that 
$~ 1 (0) = Z, $ _1 (0, 00) = M + , $ _1 (-oo,0) = M_ and is a regular value 0/$. 
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To prove this claim, first define $ locally on a chart, use a partition of unity to 
get a globally well defined function on the whole manifold, and then average with 
respect to the group action to get S' 1 -invariance. 

This function $ plays the role of a 'moment map' for the S 1 action. To define 
the cut space M^ ut , first introduce an S^-action on M x C 

a ■ (to, z) — (a ■ m, aT 1 z) 

and then let M^ ut = {(m,z)\$>(m) — \z\ 2 } / S 1 . The cut space M~ ut is defined 
similarly, using the diagonal action on M x C 

a ■ (to, z) = (a ■ to, a ■ z) 

and by setting M~ ut = {(ro, z)\&(m) = -\z\ 2 } / S 1 . 

Remark 3.5. The orientation and the Riemannian metric on M (and on C) descend 
to the cut spaces M^ ut as follows. M x C is naturally an oriented Riemannian 
manifold. Consider the map 

$:IxC->l $(to,z) = $(m) - \z\ 2 

Zero is a regular value of <£>, and therefore Z = $ _1 (0) is a manifold. It inherits a 
metric and is co-oriented (hence oriented). Since S 1 acts freely on Z, the quotient 
M^ u t = Z / S 1 is an oriented Riemannian manifold (see Remark 13. 3(1 . 

A similar procedure, using $(m, z) — $(m) + |z| 2 , is carried out in order to get 
an orientation and a metric on M~ ut . 

We also have an S 1 action of the cut spaces (see Remark |3.6[) . 

The purpose of this subsection is to describe how to get spin c structures on M^ ut 
from the given spin c structure on M . We start by constructing a spin c structure 
on M+ t . 

Step 1. Consider C with its natural structure as an oriented Riemannian manifold, 
and let 

F c =Cx S P in c {2) — ► SOF(C) = C x SO{2) — ► C 

be the trivial spin c -structure on C. Turn it into an 5' 1 -equivariant spin c structure 
by letting S 1 act on Pc : 

e ld ■ (z, [a, b}) = (e- l9 z, [x_ e/2 ■ a, e l9/2 ■ b]) z e C , [a, b] e Spin c (2) 

where xg = cosO + sinfl • eie2 S Spin(2). 
Here is a diagram for this structure. 

S 1 x P c > P c < P c x Spin c {2) 



S 1 x SOF{<C) ► SOF(C) < SOF(C) x 50(2) 

I I 

S 1 x C > C 

Step 2. Taking the product of the spin c structures P (on M) and Pc (on C), we 
get an (S 1 equivariant) spin c structure PmxC on M x C (see ^3. 1[) . 
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Step 3. It is easy to check that 

Z = {(to, z)|$(to) = \z\ 2 } c M x C 

is an ^-invariant co-oriented submanifold of co-dimension one, and therefore we 
can restrict PmxC an d get an S^-equivariant spin c structure P^ on Z (see 33. 2[) . 

Step 4. Since P^ — > SOF(Z) — > Z is an S' 1 -equivariant spin c structure, we can 
take the quotient by the S' 1 -action to get a spin c structure P^ ut on M^~ ut = Z / S 1 
(see g3U). 

Remark 3.6. The spin c structure P^ ut can be turned into an S^-equivariant one. 
This is done by observing that we actually have two S* 1 actions on M x C: the anti- 
diagonal action a ■ (to, z) — (a ■ to, a -1 • z) and the M-action a ■ (to, z) = (a ■ m, z). 
These actions commute with each other, and the M-action naturally decends to the 
cut space M^ ut and lifts to the spin c structure P^ ut . 

Let us now describe briefly the analogous construction for M~ ut . 
Step 1. Define Pc as before, but with the action 

e w ■(z,{a,b}) = (e* e z,{x d/2 -a,e* e / 2 -b}) 
Step 2. Define the spin c structure PmxC on M x C as before. 
Step 3. As before, replacing Z with {(to, z)|<I>(to) = -|z| 2 } C M x C . 
Step 4. Repeat as before to get a spin c structure P~ ut on M~ ut . 

Remark 3.7. In step 1 we defined a spin c structure on C. The corresponding 
determinant line bundle is the trivial line bundle Lc = CxC over C (with projection 
(z, b) i— ► z). The S 1 action on Lc is given by 



(a 1 -z,a-b) for P+ t 



a ■ (z,b) 



(a ■ z,a ■ b) for P ( 



cat 



If L is the determinant line bundle of the given spin c structure on M, then the 
determinant line bundle on M^ ut is given by 

L± t = [(LHLc)ls] IS 1 
where we divide by the diagonal action of S 1 on L x Lc. This is an S^-equivariant 
complex line bundle (with respect to the M-action). 

4. The generalized Kostant formula for isolated fixed points 

Assume that the following data is given: 

(1) An oriented compact Riemannian manifold M of dimension 2m. 

(2) T = T" an n-dimensional torus that acts on M by isometries. 

(3) P — > SOF(M) a T-equivariant spin c structure, with determinant line bun- 
dle L. 

(4) A ?7(l)-invariant connection on Pi = P/Spin(2m). 

As we saw in 32.51 this data determines a complex virtual representation Q(M) = 
ker(D + ) — coker(D + ) of T. Denote by x- T — > C its character. 
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Lemma 4.1. Let x G M T be a fixed point, and choose a T -invariant complex 
structure J : T X M — > T X M . Denote by ai, . . . , a m G t* = Lie(T)* the weights of 

the action T T X M, and by fi the weight of T 1> X . Then \ {^i — Y^Li a i) * s 
the weight lattice of T . 



in 



Proof. Decompose T X M — L\ © • • • © L m , where each Lj is a 1-dimcnsional T- 
invariant complex subspace of T X M, on which T acts with weight oej. Fix a point 
peP x . 

For each z e T, there is a unique element L4 z ,w z ] G Spin c (2m) such that 
z ■ p — p ■ [A z , w z ]. This gives a homomorphism 

■q: T — > Spin c (2m) , z h-> [A z , w z ] 

(note that A z and w z are defined only up to sign, but the element [A z , w z ] is well 
defined) . 

Choose a basis {e-,} c T X M (over C) with ej G Lj for all 1 < j < m. With 
respect to this basis, each element z G T acts on T X M through the matrix 

/ z ai \ 

z a 2 



A' = 



G U(m) G 5*0(2™) 



\ z c 

This enables us to define another homomorphism 

n' : T SO{2m) x S 1 , z^(A' z ,z"). 

It is not hard to see that the relation z-p = p- [A z ,w z ] (for all z G T) will imply 
the commutativity of the following diagram. 



Spin c (2m) 




T S0(2m) x S 1 

(The vertical map is the double cover taking [A,z] G Spin c (2m) to (X(A),z 2 ). ) 
For any z — e 10 G T we have 



A(40 = A' z 



A z 



n 



cos 



sm 



G Spin(2m) 



(where the spin group is thought of as sitting inside the Clifford algebra) 
and 



w z 



W 2 



Note that 



-Spin" (2m) 



: G R , it G S" 1 > G Spin c (2m) 



is a maximal torus, and that in fact 77 is a map from T to Ts pi „ C ( 2m ). 
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Now define another map 



(cos tj + sinij • ejJ(ej),u) 

3=1 



u ■ e 



By composing n and ip we get a well defined map ip o 77: T — > S* 1 which is given 

by ' 

and therefore | f/i — ^ ay J must be a weight of T. □ 

Remark 4.1. The idea in the above proof is simple. To show that f3 = ~ ^/i — ay^ 
is a weight, we want to construct a 1-dimensional complex representation of T with 
weight [3. The map 77 is a natural homomorphism T — > Spin c (2m). The map "0 
is nothing but the action of a maximal torus of Spin c (2m) on the lowest weight 
space of the spin representation A^ m (see Proposition ^. 31 and Lemma 12.12 in [7]). 
Finally, t/j o 77: T — > 5* 1 is the required representation. 

The following is proposition 11.3 from [7]. 

Proposition 4.1. Assume that the fixed points M T of the action on M are isolated. 
For each p G M T , choose a complex structure on T p M , and denote by 

(1) cti tP , . . . , a m . p € t* the weights of the action ofT on T p M . 

(2) /ip the weight of the action of T on L p . 

(3) (— l) p will be +1 if the orientation coming from the choice of the complex 
structure on T p M coincides with the orientation of M , and —1 otherwise. 

Then the character T — > C of Q(M) is given by 

. ™ A-«i,i>/ 2 - \ a i,p/ 2 

X (X) = £ , P (A) „ P (A) = (-1)* • *W» n (i- Aa , P ) (1 -A-^) 

where A' 3 : T — > 5 1 is i/ie representation that corresponds to the weight j3 G t*. 
Remark 4.2. 

(1) Although ±a.j iP /2 may not be in the weight lattice of T, the expression 
^p(A), can be equivalently written as 

(-if • A^-Ei q -)/ 2 fr 1 ~ A " 3P 

v ; JUL (i-A a ^)(l-A-^. P ) ' 

By Lemma |4~T| (ji p — J2j a j.pj /2 is a weight, so f p (A) is well defined. 

(2) Since the fixed points of the action TOM are isolated, all the ctj, P 's are 
nonzero. This follows easily from theorem B.26 in [2J. 

Now we present the generalized Kostant formula for spin c quantization. 
Assume that the fixed points ofTOM are isolated, choose a complex structure 
on T P M for each p G M G , and use the notation of Proposition 14. II By the above 
remark, we can find a polarizing vector £ G t such that ay, P (£) 7^ for all We 
can choose our complex structures on T P M such that ay,p(£) € iM + for all 
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For each weight £ t* denote by #(/3, Q(M)) the multiplicity of this weight in 
Q(M). Also, for p G M T define the partition function N p : t* — > Z + by setting: 



N P (f3) 



(fci, . . . , fc m ) G f Z + - j : /3 + ^%a J)P = , %>0 

The right hand side is always finite since our weights are polarized. 
Theorem 4.1 (Kostant formula). For any weight f3 G t* ofT, we have 

#(/3,Q(M)) = ]T (-1)" -N P U- 1 -^ 
P eM G ^ 

Proof. For p G M T and A G T, set ay = ctj tP and /i = ^t p . From Proposition 14 . 1 1 we 
then get 

j=i K n ; i=i 

Note that we have 

Where the sum is taken over all weights (3 G t* in the weight lattice of T and 
N p ({3) is the number of non-negative integer solutions (k±, . . . , k m ) G (Z + ) m to 

m 

(see formula 5 in [5]). Hence, 

Vp (\) = (-If • £ jV p (/3) . a"+4^-Sj «i) 

By Lemma [4.11 i(/i — Ylj a j) ^* (i- e -i ^ is a weight), so by change of variable 
P ^ P ~ I G" ~ J2j a j) we § et 

u p (X) = (-iy ■ J2 N p ( (3 - \ii + \ £ a s ) • A* 3 
Pee- \ j J 

By definition, N p (j3 — i/j + i J2j a j^j IS the number of non- negative integer solu- 
tions for the equation 

P - ~ii + - + ^2 kjaj = 

j j 

or, equivalently, to 

3 

Using the definition of N p (see above) we conclude that 
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and then 

Vp (\) = (-1)" • y, n p (0 - 1 A ^ 

pel* \ Z ' 
This means that the formula to the character can be written as 



X(A) = E 



P eM G ^ ' _ 

and the multiplicity of (3 in Q(M) is given by 

#G8,Q(M))= ^ (-l) p -^V P (/3-i/ 
as desired. □ 



5. The generalized Kostant formula for non-isolated fixed points 
5.1. Equivariant characteristic classes. 

Let an abelian Lie group G (with Lie algrbra g) act trivially on a smooth manifold 
X. We now define the equivariant cohomology (with generalized coefficients) and 
equivariant characteristic classes for this special case. For the more general case, 
see [9] or Appendix C in [2]. 

Definition 5.1. A real- valued function a is called an almost everywhere analytic 
function (a.e.a) if 

(1) Its domain is of the form g\P, and P C 9 is a closed set of measure zero. 

(2) It is analytic on g \ P. 

Denote by C*(fl) the space of all equivalence classes of a.e.a functions on g (two 
such functions are equivalent if they coincide outside a set of measure zero). 

Let A%{X) = C*(b)®Q'(X; C) be the space of all a.e.a functions g — > fl'(X; C), 
where Q°(X; C) is the (ordinary) de Rham complex of X with complex coefficients. 
Define a differential (recall that G is abelian and the action is trivial) 

d s : A*{X) ^ A*(X) (d g a)(u)=d(a(u)) 
and the G- equivariant (de Rham) cohomology of X 

Im(d g ) 

Note that Hq(X) is isomorphic to the space C*(g) <8> H*(X; C) of a.e.a functions 
g — » H'(X;C). Equivariant characteristic classes will be elements of the ring 
H*(X). 

If X is compact and oriented, then equivariant cohomology classes can be inte- 
grated over X. For any class [a] G Hq(X) and u in the domain of a, let 



a] )(u)= (a(«)) 
x / J x 

and thus is an element of C#(g) ® C. 

Assume now that both X and G are connected, and let tt : L — > A be a complex 
line bundle over A. Assume that G acts on the fibers of the bundle with weight 
/i G g*, i.e., exp(w) • y = e 1 ' 1 ^"^ • y for all u G g and y G -L (so the action on the 
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base space is still trivial). Denote by Ci(L) = [uj] G H 2 (X) the (ordinary) first 
Chcrn class of the line bundle. Here u> £ il 2 (X) is a real two-form. Then the 
first equivariant Chern class of the equivariant line bundle L — > X is defined to be 
[ui + fi] £ H^t(X). We will denote this class by ci(L). 

Now assume that — > X is a G-equivariant complex vector bundle of complex 
rank k (where G acts trivially on X), that splits as a sum of k equivariant com- 
plex line bundles E = L\ © • • • © (one can avoid this assumption by using the 
(equivariant) splitting principle). LetcT 1 (L 1 ) = + fj,x] , ■ ■ ■ ,c~i(Lfc) = [ujk + /-ik] be 
the equivariant first Chern classes of these line bundles, and define the equivariant 
Euler class of E by 



Eu(E) = Y[ cx{Lj) 



G H*(X). 



We will also need the equivariant A-ioof class, which we will denote by A(^E)- 
To define this class, consider the following mcromorphic function 

z _ z/2 



m = 



/(0) = i 



Its domain is D 



e z/2 _ e -z/2 s inh(z/2) 
\ {±27ri, ±4iri, . . .}. Define, for each 1 < j < k, 



f(c\(L 3 ))(u) = f{c l {L j )+ N { U )) = £ • ( Cl (L 3 )) n 



n=l 



whenever /ij(u) £ D for all 1 < j < k, and also 



Also note that the quotient 



A{E) = \{f{c 1 {L j )). 
A(E) 



Eu(E) 

can be defined using the same procedure, replacing f(z) with 2s inh(z/2) 
/ij's are nonzero, then 



If all the 



A(E) 



€H*(X). 



Eu{E) 

5.2. The Kostant Formula. 

Assume that the following data is given: 

(1) An oriented compact Riemannian manifold M of dimension 2m. 

(2) A circle action S 1 O M by isometries. 

(3) An S* 1 -equivariant spin c structure P — > SOF(M), with determinant line 
bundle L. 

(4) A [/(l)-invariant connection on Pi = P/Spin(2m) — > M. 

In this section we present a formula for the character \ '■ S 1 -— > C of the virtual 
representation Q(M) determined by the above data (see £|2.5[) . We do not assume, 
however, that the fixed points are isolated. 

We use the following conventions and notation. 

• M s is the fixed points set. 
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• For each connected component F C M s , let NF denote the normal bun- 
dle to TF C TM. The bundles NF and TF are ^-equivariant real vector 
bundles of even rank, with trivial fixed subspace, and therefore are equiv- 
ariantly isomorphic to complex vector bundles. Choose an equivariant com- 
plex structure on the fibers of TF and NF, and denote the rank of NF as 
a complex vector bundle by m(F). 

• The complex structures on NF and TF induce an orientation on those 
bundles. Let (— 1) F be +1 if the orientation of F followed by that of NF 
is the given orientation on M, and —1 otherwise. 

With respect to the above data, choices and notation, we have 

Proposition 5.1. For all u G g = Lie(S 1 ) such that the right hand side is defined, 

Jf Fu(Nt) 



FCM S1 

where the sum is taken over the connected components of M s 



This formula is derived from the Atiyah-Segal-Singer index theorem (see |10j). 
For some details, see p. 547 in [5]. 

Assume that the normal bundle splits as a direct sum of (equivariant) complex 
line bundles 

NF = L? ©•••L£ (F) . 

For each fixed component F C M s * , denote by {aj t p} the weights of the action 
of S 1 on {Lj}. As in the previous section, all the o^f's are nonzero, and we can 
polarize them, i.e., we can choose our complex structure on NF in such a way that 
a j,F(0 > for some fixed £ G g and for all j's and F's. Also denote by hf the 
weight of the action of S 1 on h\p. 

For each (3 G g* — Lie(S 1 )* , define the following set (which is finite, since our 
weights are polarized) 

( , 1 xm(F) m(F) 

Sp = < (k u ...,k rn{F) ) e [ z +2j : 1 ' X ' " ' fc J >0 

and for each tuple k — [ki, . . . , fc m (F))> let 

p kF = (-l)MF) j e H c ^\^^^ L D) -A{TF) . e -Sj 

JF 

Now define 

AM/3) = Pk,F ■ 
kes (i 

With this notation, the Kostant formula in this case of nonisolated fixed points 
becomes identical to the formula for isolated fixed points (from Ej4j) - 

Theorem 5.1. For each weight (3 G g* — Lie(S 1 )* , the multiplicity of (3 in Q(M) 
is given by 

#(/3,Q(A/))= ]T (-1) F -A F (p-^f) , 

FCM S1 

where the sum is taken over the connected components of M s . 
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Proof. For a fixed connected component F C M s , omit the F in ctj.F, ^f and 
Lj, and compute 



i - 



A(NF) 



Eu(NF) 



m(F) 
.7=1 



e [ci(Lj)+ aj ]/2 _ e -[c 1 (L J )+Q i ]/2 



,7/'. / e * Cl(LW ■ i(TF) • - 



m ( F ) -[ C1 (L 3 )+a 3 ]/2 



_ p-[ci(Lj) + Qj] 



r ra{F) 

/ v ; J-l 1 - e-M^iHoy 



Using the geometric series 



1 oo 

1 -z ^ 

1=0 



and the notation z = exp(u) we get, for each j, and for each u £ g such that the 
series converges, 

- oo oc 

I = y^ e -i-[ Cl (%)+«,•(«)] = ^i-c^Lj) z -i- aj 

1 _ e -[ci(ij)+Oj(u)] 

(where z~ l ' a i is the representation of S* 1 that corresponds to the weight — I ■ cxj 6 
£* C 0*) and thus 

m(F) 

II 1 _ e -[ci(Lj)+Qj(u)] ~~ E 



J = l 



V" e -T, ] k J c 1 (L J ) 



The formula that we get for the character is 



FCMS 1 



e -T. J k 3 c 1 (L 3 , F ) 



EE E (-i) F -P k , F -z l+ ^-^ a ^ 



Lemma l4?T1 implies that | (^/if — X)j a j,Fj is a weight of S* 1 (so the previous formula 
is well defined), hence we can make a change of variables (3 = 1 + ^Mf — \ Ylj a j-F 
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and get 

X{z) = E 
pet* 



E E (-d'-jv 



FcM si kes f) _i fiF 



E 

pel" 



FcM s 



From this we conclude that the multiplicity of j3 E I* C Q* in Q(M) is given by 
#(/3,Q(M))= ^ (-1)^.^^/3-1^ 

FGM sl 

as desired (the sum is taken over the connected components of the fixed point set 
M sl ). □ 

5.3. The case m(F) = 1. 

To prove the additivity of spin c quantization under cutting, we will need the 
terms of the Kostant formula for non-isolated fixed points in the special case where 
m(F) = 1, i.e., when the normal bundle to the fixed components has complex 
dimension 1. Therefore, assume that we are given the same data as in £|5.2[ and 
also that 

• Each fixed component F C M sl is of real codimension 2 in M, i.e., the 
normal bundle NF = TM /TF is of real dimension 2. 

For a fixed component F, we adopt all the notation from ij5.2l Since m(F) is 
assumed to be 1, we have 

NF = Lf 

and only one weight 

ai,F = ap. 

For each f3 G g*, the corresponding set Sp becomes 

S g = \keZ+- : fj + k-a F = , fc>() 



which is either empty or contains only one element. The expression for p k F also 
simplifies to 



Pk,F = 

and this implies that 



D [ Cl (L| F )- Cl (Af_F)]/2 



A(TF) ■ e 



-fc-ci(JVF) 



1 



Nf\P - 



JO ifVi^=^ 
\Pk,F ^ S p-^ F = { fc l 

6. Additivity under cutting 



In this section we prove our main result, namely, the additivity of spin c quanti- 
zation under the cutting construction described in ij3.4l . 
Our setting is as follows: 

(1) A compact oriented connected Riemannian manifold M of dimension 2m. 

(2) An action of S 1 on M by isometries. 

(3) An S^equivariant spin c structure P -> SOF(M) -> M. 

(4) A co-oriented splitting hypersurface Z C M on which S 1 acts freely. 
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After choosing a [/(l)-invariant connection on P\ = P/ Spin(2m), we can con- 
struct a Dirac operator D + , whose index Q(M) is independent of the connection. 
We call Q(M) the spin quantization of M (see q2.5[) . 

We can now perform the cutting construction from £13.41 to obtain two other 
manifolds M^ ut (the cut spaces). Those cut spaces are also compact oriented Rie- 
mannian manifolds of dimension 2m, endowed with a circle action and with S 1 - 
equivariant spin c structures P^ t . Thus, we can quantize them (after choosing a 
suitable connection), and obtain two virtual representations Q (Af cut ). 

Theorem 6.1. As virtual representations of S 1 , we have 

Q(M) = Q (M+ t ) © Q (M- t ) 

We will need a few preliminary lemmas for the proof of the theorem. Those are 
similar to Proposition 6.1 from [fx, where a few gaps where found. 

6.1. First lemma - the normal bundle. 

Recall the construction of M^r ut from section I3"^t1 

• Choose an ^-invariant smooth function (f>: M — ► M such that _1 (O) = Z, 
_1 (O, oo ) = M + , </> _1 (— oo, 0) = M_, and is a regular value of <p. 

• Define Z± = {(m,z) \ 4>{m) = ±\z\ 2 } C M x C, and let S 1 act on Z ± by 
a ■ (m, z) — (a ■ m, a^ 1 • z). 

• Finally, define Alf ut = Z± / 'S 1 . 

Remark 6.1. Note that we have S^-equivariant embeddings 

Z -> Z ± , TYi i — * (m, 0) and Z/S 1 -> M± t , [m] i-> [m, 0] 

and therefore we can think of Z and Z/S* 1 as submanifolds of Z^ and M^ ut , re- 
spectively. 

Lemma 6.1. 

(1) The maps 

r/: TiZ^z -> Z x C rj: (v,w) £ T^^Z* 1 i-> (m, w) 

ji«e rise to s/iori exact sequences 

— > — ► T^lz -^ZxC — > 

o/ S 1 -equivariant vector bundles (with respect to both the diagonal (anti- 
diagonal) action and the M-action) over Z . The action on Z x C is taken 
to be 

a ■ (m, z) — (a ■ m, a^ 1 • z) . 

(2) The short exact sequences above descend to the following short exact se- 
quences 

— > TiZ/S 1 ) — > T(M± t )| z/sl -2x sl C^0 

o/ equivariant vector bundles over Z/S 1 . The S 1 action on Z x s i C is 
induced from the action on Z. 

Proof. 
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(1) The S^-equivariant embedding Z — » Z gives rise to an injective map 
TZ -> TZ ± , which is an S^-equivariant map of vector bundles over Z. The 
map rj is onto, since for any (to, w) G Z x C we have ?y(0, w) — (m, w), and 
it is equivariant since for (v, w) G T( m mZ , to G Z we have 

rj(a ■ (v, w)) = rj(a ■ v , ■ w) — (a ■ to, ■ w) — a ■ (to, z) 

(and similarly for the M-action). 

To prove ker(rf) = TZ , note that the definitions of <f> and Z imply that 

TZ ± = {(v,w) G T( mi2 )M x C : <20 m (u) = z • W + 2 • «;} 
TZ = {uGT ro M : # ro (u)=0} 

so (u, iy) G T^ m ^Z^ satisfies r)(v,w) — (to,0) if and only if 

w = & d<p m (v) =0 ^ « = (»,0) G T m Z C T^.q)^ 
and hence ker(rf) = TZ and the sequence is exact. 

(2) is a direct consequence of (1). 

□ 

Let A r± — » Z be the normal bundle to Z in Z ± , and A r± — > Z/S* 1 be the normal 
bundle to Z / S 1 in Mf ut . The above lemma implies: 

Corollary 6.1. The short exact sequences of Lemma \6.1\ induce isomorphisms 

N ± — - — ,ZxC 77* — - — >Zx s iC 
of equivariant vector bundle, and hence an orientation on the fibers of the bundles 
N (coming from the complex orientation on C). 

Remark 6.2. Note that the map 

N + = Zx s iC >N~=Zx s iC , [z,a]i->[z,a] 

is an S 1 -equivariant orientation-reversing bundle isomorphism. 

Claim 6.1. The natural orientation on Z/S 1 C M cut) coming from the reduction 
process, followed by the orientation of N , gives the orientation on M^ ut . 

Proof. Fix x G Z. Choose an oriented orthonormal basis for T X M of the form 

V\,... ,V 2m -2,V0,V N 

where we=c-(^)„isa positive multiple of the generating vector field at x G Z 
(c > is chosen such that vq has length 1), {vi, . . . , V2 m -2, v e} are an oriented 
orthonormal basis for T X Z, and ujy is a positively oriented normal vector to Z. 

By the definition of the metric and orientation on the reduced space, the push- 
forward of v\, . . . , V2m-2 by the quotient map Z — > Z/S 1 is an oriented orhonormal 
basis for T [x] (Z/S 1 ). 

Now the vectors 

Vl,... ,V2m-2, l,i,v s ,v N G T( m:0) Af X C 

are an oriented orthonormal basis, where l,i G C. Note that {-§g) M — (m)mxC 
on Z = Z x {0} C M x C, and that the normal to Z in M can be identified with 
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the normal to Z ± in M x C, when restricted to Z C Z^ . Hence, the push forward 
of «i, . . . , W2m— 2) 1) s i by the quotient map — > M cut is an orthonormal basis for 

Since l,i descend to an oriented orthonormal basis for (AT ) x , when identified 
with C using Corollary 16. 11 the claim follows. □ 

6.2. Second lemma - the determinant line bundle. 

We would like to relate the determinant line bundles of P^ ut (over M^ t ), which 
will be denoted by L ctl4 , to the determinant line bundle L of the spin c structure P 
on M. Denote L red = (L\z) /S 1 . This is a line bundle over Z/S 1 C M* t . 
Then we have: 

Lemma 6.2. The restriction o/L ctli to Z/S 1 is isomorphic, as an S 1 -equivariant 
complex line bundle, to L re( j ® N . 

Remark 6.3. This is not a typo. Both l^ut anc ^ ^cut are isomorphic to L re d (g) AT . 

Proof. Recall that the determinant line bundle over the cut spaces is given by 

L± t = [(LHLc^J/S 1 

where Lc^ is the determinant line bundle of the spin c structure on C, defined in 
the process of constructing P^ ut , and we divide by the diagonal action of S 1 on 
L x Lc*. 

Therefore we have 

hf ut \ z/sl = [(LBLc^lz] /S 1 = [L|^ KlLc ± |{o}] 

Since the 5 1 action on the vector space Lc^o} has weight +1 (see Remark I3.7[) 
we end up with 

LcutU/s* =Lred® (N-/S 1 ) =h red ®N~ 

as desired. 

□ 

Corollary 6.2. If F C Z/S 1 C M^ t is a connected component, then S 1 acts on 
the fibers of (L^ t ) \f with weight +1. 

Proof. The previous lemma implies that 

L± t | F =Ked\F ® AMf- 

The action of S" 1 on L re( j is trivial. Using the isomorphism TV ~ Z x 51 C from 
Corollary 16. 1[ we see that the action of S 1 on the fibers of TV \p will have weight 
+1. 

□ 

6.3. Third lemma - the spaces M±. 

Recall that M\Z = M+JjM- (disjoint union), where M± C M are open sub- 
manifolds. We have embedding 

i ± : Af± -» M± t m ^ [m, V±0M] 

which arc equivariant and preserve the orientation (see Proposition 6.1 in [5]). Also 
recall that, as sets, we have M^r ut = Z/S 1 \J M±. 
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It is important to note that the embeddings M± — * M^ ut do not preserve the 
metric. This, however, will not effect out calculations. 

Lemma 6.3. The restriction o/L to M± is isomorphic to the restriction of L^ ut 
to M±. In other words, 

L|m± - (^tut) |m± 

Proof. Let 

M± = |(m, v/±0(m)) : m G M±| C , 

and let 

pri : M x C -> M , pr 2 :MxC->C 
be the projections. Then 

L± t = [(prKL)®^^))!^]/^ 1 
and when restricting to Af±, we get 

LcutU ± =P^*(L)|jvf ± OprKLc)!^ = L| M± Sp^Ok:)!^ 

Since M± ~ M±. The termpr2(Lc)|^ ± is a trivial equi variant complex line bundle, 
so we conclude that 

l4 t |jif± =L| M± ®C = L| M± 
as needed. □ 

6.4. The proof of additivity under cutting. Using all the preliminary lemmas, 
we can now prove our main theorem. 

Proof of Theorem \6.1\ 

Write M\Z = M + U M_ . Because the action S 1 O Z is free, the submanifold 
Z C M is a reducible splitting hypersurface (see H3.4[) . Every connected component 
F C M s of the fixed point set must be a subset of either M + or M_ . 
Also recall that M^ t = M± U Z/S 1 , and the action of S 1 on Z/S" 1 is trivial (and 
hence Z/S 1 is a subset of the fixed point set under the action S O M^ t ). 
Using the Kostant formula (Theorem 15. ip we get, for any weight (3 G Lie(S 1 )* , 



#(/3,Q(M))= ]T {-l) F -N F U-\ 



FcM b 



Fc(J\/+) sl " FC(M_) sl 



where the sum is taken over the connected components of the fixed point sets. For 
the cut spaces we have the following equalities. 
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FC(M±) S1 V J FCZ/S1 V 



In order to prove additivity, we need to show that 



FCZ/S 1 CMJ ui FCZ/S^M- 



Note that the summands in the two sums above are different. In the first, we regard 
F as a subset of M^ ut , and in the second, as a subset of M~ ut . 

Choose a connected component F C Z/S 1 . Note that F is oriented by the 
reduced orientation. Since F can be regarded as a subset of both M^ ut and M~ ut , 
we will add a superscript F^ to emphasize that F is being thought of as a subspace 
of the corresponding cut space. 

It suffices to show that 

(*) (-1) F+ -N F+ U l -^ F+ \ + {-If' -N F - (/3-^f-) = 



Recall that Z C M is of (real) codimension 1, and so Z/S 1 C Mf ut is of (real) 
codimension 2. Therefore, the normal bundle NF^ to Z/S 1 in the cut spaces has 
rank 2. We can turn the bundles NF^ to complex line bundles using Corollary 
RTTl and then the weight of the action S 1 O A r F ± will be -1 for NF + and +1 for 
NF~. 

This is, however, not good, since in order to write down Kostant's formula, we 
need our weights to be polarized. Therefore, we will use for NF ~ the complex 
structure coming from the isomorphism 



NF ~ -^-> Z x 



s 1 



and for NF + , we will use the complex structure which is opposite to the one induced 
by the isomorphism 

NF+ -=-> Z x s i C . 

With this convention, the bundles NF^ become isomorphic as equivariant com- 
plex line bundles, and the weight of the S^-action on those bundles is +1. 
Also, Lemma [6.21 implies that the determinant line bundles L^ t , when restricted 
to F, are isomorphic as equivariant complex line bundles, and the weight of the 
^-action on the fibers of L* ut |_F is +1. 

Recall now (see §5.3) that the explicit expression for N F ± ( (3 — \[i F ± J involves 



only the following ingredients: 



2 
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• Hf±, which are equal to each other (fip± = +1), since L^Jf ~ L~ ut |i?- 

• ci(NF^), which are equal since NF 1 ^ are isomorphic as complex line bun- 
dle, by our previous remark. 

• A(TF), which are equal, since F + = F~ as manifolds. 

This means that the terms N F ± in equation (*) above are the same. 

So all is left is to explain why 

+ {-if - = . 

But this follows easily from Claim 16.11 This claim implies that the orientation on 
F~ , followed by the one of NF ~, gives the orientation of M~ ut . Hence, (— 1) F = 1. 
Since we switched the original orientation for NF + , composing the orientation of 
F + with the one of NF + will give the opposite orientation on M^ ut , and hence 
(— 1) F = —1. The additivity result follows. 

□ 



7. An example: the two-sphere 

In this section we give an example, which illustrates the additivity of spin c 
quantization under cutting. 

In this example, the manifold is the standard two-sphere M = S 2 C M 3 , with 
the outward orientation and the standard Ricmannian structure. The circle group 
S 1 C C acts effectively on the two sphere by rotations about the z-axis. 

We will need the following lemma. 

Lemma 7.1. Let M be an oriented Riemannian manifold, on which a Lie group G 
acts transitively by orientation preserving isometries. Choose a point x £ M and 
denote by G x the stabilizer at x and by a: G x — > SO{T x M) the isotropy represen- 
tation. Then: 

(1) G x acts on SO(T x M) by g ■ A = a{g) o A . 

(2) The map 

G^M , g^g-x 

is a principal G x -bundle (where G x acts on G by right multiplication). 

(3) The principal SO(T x M) -bundle Gx Gx SO(T x M) is isomorphic to SOF(M), 
the bundle of oriented orthonormal frames on M . 

Proof. (1) is easy. (2) follows from Proposition B.18 in [2] (with H = G x ), together 
with the fact that G/G x is diffeomorphic to M. To show (3), consider the map tak- 
ing an element [g, A] eGx Gi SO(T x M) to the frame g*oA: T X M -=+ T g . x M. This 
map can be easily checked to be an isomorphism of principal S'0(T ;c M)-bundles. □ 

7.1. The trivial 5 1 -equivariant spin c structure on S 2 . 

To define an 5' 1 -equivariant spin c structure on S* 2 , one needs to describe the space 
P and the maps in a commutative diagram of the following form (see Remark l2.6p . 
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S 1 xP 



5 1 x SOF (5 2 ) 



5 1 x5 2 



SOF(S 2 ) 



P x Spin c {2) 



SOF(S 2 ) x 5-0(2) 



Set P — Spin c (3). By the above lemma, the choice of a point x = (0, 0, 1) G S 2 
and a basis for T X S 2 give an isomorphism between the frame bundle of S 2 and 
50(3) x 50(2) 50(2) = 50(3). Thus SOF(S 2 ) 50(3), and our diagram becomes 



5 1 x Spin c {3) 



S 1 x 50(3) 



5 1 x S 2 



Spin (3) 
a| 



50(3) 



5pin c (3) x 5pm c (2) 



50(3) x 50(2) 



Now we describe the maps in this diagram. Denote 




The map 5 1 x 5 2 — > 5 2 is rotation about the vertical axis, i.e., (e 10 , v) i— > C# • v . 

The second horizontal row gives the actions of 5 1 and 50(2) on the frame bundle 
50(3). Those are given by left and right multiplication by Cg, respectively. The 
covering map n : 50(3) — ► 5 2 is given by A i— > ^4 • x, and A is the natural map from 
the spin c group to the special orthogonal group. 

All is left is to describe the actions of 5 1 and Spin c {2) on Spin c (3) (the top 
row in the diagram). Since Spin°(2) C Spin c (3), this group will act by right- 
multiplication. The 5 1 -action on Spin c (3) is given by 



(1) 



(e ie , [A,z]) h-> [xg/2 ■ A , e ie ' 2 -z] 



where xg = cos 9 + sin 6 ■ eie2 G Spin{3). Note that x g / 2 an d e l£ */ 2 are defined 
only up to sign, but the equivalence class [xg / 2 , e l9 / 2 ] is a well defined element in 
Spin c {3). 

We will call this 5 1 -equivariant spin c structure the trivial spiff structure on the 
S 1 -manifold 5 2 , and denote it by P . The reason for using the word 'trivial' is 
justified by the following lemma. 

Lemma 7.2. The determinant line bundle of the trivial spin c structure Po is iso- 
morphic to the trivial complex line bundle L = 5 2 x C, with the non-trivial S 1 -action 



5 x L — > L 



(e* e ,(v,z))^(Cg-v,e* e ■ z) 
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Proof. It is easy to check that the map 

L = S P in c (3) x Spin c (2) C^ S 2 xC , [[A, z],w] h-> (X(A) • x, z 2 w) , 

where A: Spin(3) — > 5*0(3) is the double cover and x = (0, 0, 1) is the north pole, 
is an isomorphism of complex line bundles. The fact that S 1 acts on L via (Q]), and 
that X(xg/ 2 ) — Cg, implies that the S 1 action on S 2 x C, induced by the above 
isomorphism, is the one stated in the lemma. □ 

Another reason for calling Pq a trivial spin c structure, is that the quantization 
Q(S 2 ) (with respect to Pq) is the zero space. We do not prove this fact now, since 
it will follow from a more general statement (see Claim [73| . 

7.2. Classifying all spin c structures on S 2 . 

Quantizing the trivial spin c structure on S 2 is not interesting, since the quanti- 
zation is the zero space. However, once we have an equivariant spin c structure on a 
manifold, we can generate all the other equivariant spin c structures by twisting it 
with complex equivariant Hcrmitian line bundles (or, equivalently, with equivariant 
principal [/(l)-bundles). For details on this process, see Appendix D, §2.7 in [2]. 
We will use this technique to construct all spin c structures on our S^-manifold S 2 . 

It is known that all (non-equivariant) complex Hermitian line bundles over S 2 are 
classified by H 2 (S 2 ;'Z) = Z, i.e., by the integers. The S^-equivariant line bundles 
over S 2 are classified by a pair of integers (for instance, the weights of the 5 1 -action 
on the fibers at the poles). This is well known, but because we couldn't find a direct 
reference, we will give a direct proof of this fact. 

Here is an explicit construction of an equivariant line bundle over S 2 , determined 
by a pair of integer. 

Definition 7.1. Given a pair of integers (k,n), define an S^-equivariant complex 
Hermitian line bundle Lk, n as follows: 

(1) As a complex line bundle, 

Lk,n = Spin('S) x Spm(2 ) C = 5 3 x s iC, 

where Spin(2) = S 1 acts on C with weight n and on Spin(3) by right 
multiplication. 

(2) The circle group S 1 acts on Lk, n by 

S 1 x L kt „ - L Kn , (e\ [A, z]) i ► [x e/2 ■ A, e f («+ 2fc ) . z ] 
where xg = cos 9 + sin# • eie 2 G Spin(2) C Spin(3). 
And now we prove: 

Claim 7.1. Every S 1 equivariant line bundle over S 2 is isomorphic to Lk lU , for 
some k,n G Z. 

Proof. Let L be an S'-'-equivariant line bundle over S 2 . Since L is, in particular, an 
ordinary line bundle, we can assume it is of the form L — S 3 x gi C where S 1 acts 
on C with weight n. Also, since L is an equivariant line bundle, we have a map 

p:S 1 xL^L , (e i9 ,x) ^ e i0 -x . 

Define a map 

ry.S'xL^L , (e ,8 ,[A, Z ])H[^ /2 .4,e-*/ 2 Z ], 
This map is well defined. 
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By composing p and r\ we get a third map 

6: S 1 x L -> L 

which lifts the trivial action on 5 12 . Since S 2 is connected, this composed action 
will act on all the fibers of L with one fixed weight k. Therefore, we get 

e ld ■ [x_ g/2 ■ A,e- Wn / 2 z] = [A, e ikf> z] 

and after a change of variables, the given action S 1 O L is 

e^-[B lW ] = [x g/2 -B,e^ 2 +^w] . 

This means that L is isomorphic to Lk, n - □ 

We now 'twist' the trivial spin c structure by U(Lk, n ), the unit circle bundle of 
Lk, n , to get nontrivial spin c structures on S 2 . Observe that the group U(l) acts on 
Spin c {3) from the right by multiplication by elements of the form [1, c] G Spin c {3). 

Definition 7.2. 

Pkm = Po X U(1) U(Lk, n ) 

where we quotient by the anti-diagonal action of U(l). 

This is an S 1 -equi variant spin c structure on S 2 . The principal action of Spin c (2) 
comes from acting from the right on the P = Spin c (3) component, and the left 
S^-action is induced from the diagonal action on Po x £fc,n- 

Claim 7.2. Fix (fc,n) G 1? , and denote by L — Lfc >n the determinant line bundle 
associated to the spin c structure Pk, n on S 2 . Let N = (0, 0, 1) , S — (0, 0, —1) G S 2 
be the north and the south poles. 

Then S 1 acts on h\ N with weight 2k + 2n + 1 and on L| s with weight 2k + 1. 
Proof. The determinant line bundle is 

L = P k ,n Xs P in*(2) C = [Spin c (3) x u(1) (S 3 x s i S 1 )] x Spin a {2) C . 

An element of L can be written in the form [[[^4, 1], [A, 1]] , u], where A G Spin(3) = 
S 3 and u G C. 

(1) For the north pole N = (0,0,1), can choose A = 1 G Spin(3), hence an 
element of L|at will have the form [[[1, 1], [1, 1]] ,u]. Let e %6 G S 1 , act on 
L|jv, to get 



[x e /2,e ie/2 },[x e/2 ,e ie ^ +2k ^ 2 
\l,l},[x e/2 ,e ie - n / 2 j 
[[l,l],[l,l]],e^ 1+2fe+2 ") U 



! U 



e W(l+2fc) u 



ll,l},[x e/2 ,e^+ 2k » 2 
[1,1], [l,e 



iB-n/2 _ gifl-n/21 



, e ti 



)e W(l+2fc)„ 



and therefore the weight on L|at is 1 + 2fc + 2n. 
(2) For the south pole 5 = (0, 0, —1) choose A — e 2 e^. We compute again the 
action of an element e 10 on [[[A, 1], [A, 1]] , u], and use the identity A ■ x g = 
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x-g ■ A for any xe € Spin(2) C Spin(3). 



x e/2 A,e* e /\{x e/2 A,e^ n +^/ 
'[A,l],[Ax_ e/2 ,e ie - n l 2 ] 
[[A,ll\A,l]},e i0 ^< 



{AMlAx-e^e^+^/i] 
[A, 1], [A, e ~ ie '"/ 2 • e i6 - n / 2 ] 



and therefore the weight on L|s is 2fc + 1. 



□ 



Remark 7.1. Note that the 2fc + 2n + 1 and 2k + 1 are both odd numbers. This 
is not surprising in view of Lemma |4. II The isotropy weight at N (or at S) is ±1 
and its sum with the weight on Ljv (or on Lg) must be even. This implies that the 
weights of S 1 O L{iv,S} must be odd. 

Remark 7.2. The above claim implies that the determinant line bundle of the spin c 
structure P k , n is isomorphic to L 2 k+i,2n, i-e., L fei „ = L 2 k+i,2n ■ 

Claim 7.3. Fix (k,n) € 1? and denote by Qk, n {S 2 ) the quantization of the spin c 
structure Pk, n on S 2 . Then the multiplicity of a weight (3 6 Lie(S 1 )* = Z in 
Qk, n (S 2 ) is given by 



#(/3,Q fc , n (S 2 )) 



< (3 - k < n 
n<(3-k<0 
otherwise 



In particular, ifn — 0, then Qk.o{S 2 ) is the zero representation. 

Proof. By the Kostant formula for spin c -quantization (Theorem 14. 1[) the multiplic- 
ity is given by 



W,Qk, n (s 2 )) = AW) (0 

The definition of N p implies that 

^(0,0,1) \0 



l + 2k + 2n\ — 



(0,0,-1) 



0- 



l + 2k 



1 + 2k + 2n 



and similarly, 



N 



(0,0,-1) 



0- 



l + 2k 



(3-k <n 
(3 - k > n 

0- k < 
0-k > 



Using that, one can compute #(/3, Qk,n(S 2 )) and get the required result. 



□ 



7.3. Cutting a spin c structure on S 2 . 

Now we get to the cutting of the spin c structure Pk, n on S 2 . Let L be the 
determinant line bundle of Pk, n - We take the equator Z = {(cos a, sin a, 0)} C S 2 
to be our reducible splitting hypersurface (see £|3.4[) . The cut spaces M cut are both 
diffcomorphic to S 2 , and we would like to know what are (Pk,n)^ U f Because the 
cut spaces are spheres again, we must have 

( p k,n)tut = Pk±,n± for some integers k ± ,n ± . 
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Corollarv l6 . 21 implies that S 1 acts on L~ Kt |Ar and on L^ t |s with weight +1. Lemma 
6.31 implies that the weight of the S 1 action on L|jv and L|s will be equal to the 
weight of the action on L^Jjv and L~ nt |s, respectively. From this we get the 
equations 

2k++l = 1 , 2fc++2n++l = 2£:+2n+l , 2fe-+2n~+l = 1 , 2k~+l = 2k+l 
which yield k + = 0, n + = k + n, k~ = fc, nT = —k. Therefore we obtain: 

(Pk,n)cut ~ Po,k+n j (Pk,n)cut = Pk,—k ■ 

Remark 7.3. We see that there is no symmetry between the spin c structures on 
the '+' and ' — ' cut spaces as one might expect. This is because the definition of 
the covering map 50(3) — > S 2 involved a choice of a point (in our case - the north 
pole), which 'broke' the symmetry of the two-sphere. 

The quantization of the cut spaces is thus obtained from Claim [7~51 For the '+' 

cut space we get, for any weight (3 6 Z: 

-k < f3 — k < n 

#(/?, Qt n (S 2 )) = #08, Q^k+n(S 2 )) = { 1 n < f3 - k < -k 



otherwise 



and for the ' — ' cut space: 



1 < - k < -k 

#ii-QLA*V) = #(>-<h. u> i:; n = {-i -k<(3-k<0 

otherwise 
It is an easy exercise to check that 

#(/3, Q k , n {S 2 )) = #(/3, Q+JS 2 )) + #(/?, Ql n {S 2 )) 
and this implies that as virtual S^-representations, we have 

Q k AS 2 ) = QkJS 2 )®Q+JS 2 ) 

As expected, we have additivity of spin c quantization under cutting in this ex- 
ample. 

7.4. Multiplicity Diagrams. 

The S^-equivariant spin c quantization of a manifold M can be described using 
multiplicity diagrams as follows. Above each integer on the real line, we write the 
multiplicity of the weight represented by this integer, if it is nonzero. 

For example, if n, k > 0, then the quantization Qk.n of S 2 is given by the follow- 
ing diagram. 

+1 +1 ••• +1 +1 +1 
1 1 • • • • • 1 

k k+1 n+k 



The quantization of the '+' cut space, Q kn , which is equal to Qo,fc+n, will have 
the following diagram. 



:S2 
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+ 1 ■■■ +1+1+1 •■• +1+1 +1 

1 • • • • • • • h 

1 k k+1 n+k 

Finally, Q^ n = Qk-k is given by 
-1 ■■■ -1 

— i • • 1 

1 k 



Clearly, one can see that the diagram of Qk, n is the 'sum' of the diagrams of Qf n - 
Let us present another case, where only positive multiplicities occur in the quan- 
tization of all three spaces (the original manifold S 2 and the cut spaces). This 
happens if k < < n + k. In this case, the diagram for Qfc,™ is as follows. 



+ 1 ■■■ +1+1+1 ■■■ +1+1 +1 

1 • • • • • • • Y 

k k+1 1 n+k 

The diagram for Q+ n = Q ,»+fe is 

+1 ■•■ +1 +1 +1 
1 1 • • • • h 

k 1 n+k 

and for Q^ n = Qk,~k we have 

+1 ■■■ +1+1 
1 • • • 1 

ft 



and again the additivity is clear. 

The additivity is clearer in the last set of diagrams, as we can actually sec the 
diagram of Qk,n being cut into two parts. It seems like the diagram was cut at 
some point between and 1. The point at which the cutting is done depends on 
the spin c structure on C that was chosen during the cutting process (see M3.4|) . 

8. Relation to symplectic cutting 

The cutting construction was originally defined for symplectic manifolds (see 
[4]). In this paper we followed [6] and defined cutting for manifold which are not 
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necessarily symplectic. However, our work can be related to symplectic cutting as 
described in pj]. We outline the main ideas of this procedure. 

Assume that a symplectic manifold (M, uj) is endowed with a spin c structure P — > 
SOF(M) — > M (with respect to an orientation and a Riemannian structure). When 
a connection 1-form 9 G fi 1 (P;u(l)) on P — > SOF(M) is given, then the following 
compatibility condition between the symplectic structure, the spin c structure, and 
the connection may be imposed: 

d6 = , 

where 7r : P — > M is the projection. When this condition (and one more technical 
assumption) are satisfied, then (P, 9) is called a spin prequantization for (M, w) 
(alternatively, given an oriented Riemannian manifold M, we 'prequantize' the 
manifold [M, uS), where w is a closed two-form, determined by the above equality). 
If all those structures respect a G-action on the bundles P — > SOF(M) — ► M, then 
G acts on M in a Hamiltonian fashion, with a 'natural' moment map $ : M — > g* 
given by 

In the case where G = S 1 , we can cut the manifold M along a level set of 
the moment map $. The cutting construction can be extended to the spin pre- 
quantization (P, 9), and so we end up with two pairs (P<^ t , ^f ut ) for the cut spaces 

(Mtut^tut)- 

The cutting construction for spin c prequantization involves a choice of an odd in- 
teger IgZ. It turns out that, (P cut , 9f ut ) are spin c prequantizations for {M^ t , co cut ) 
if and only if the cutting was done alone the submanifold Z = Q~ 1 (£/2). 

On the level of multiplicity diagrams, the diagram of P will be cut at 1/2 to give 
the diagrams for P^ ut . The fact that 1/2 is not an integer is the reason for having 
additivity. 

Details about spin c prequantization for symplectic manifolds and the correspond- 
ing cutting construction will be available in [TT] . 
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